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Abstract In this paper, we are concerned with the fol-
lowing fractional functional differential equations with
nonlocal initial conditions in Banach space
DaxðtÞ ¼ AxðtÞ þ f ðt; xðtÞ; xtÞ; t 2 ½0; T ;
xð0Þ ¼ /þ gðxÞ:
By virtue of the theory of measure of noncompactness
associated with Darbo’s fixed point theorem, upon making
some suitable assumptions, some existence results of mild
solutions are obtained. Moreover the results obtained are
utilized to study the existence of solutions to fractional
parabolic equations as an illustrative example to show the
practical usefulness of the analytical results.
Keywords Fractional functional differential equation 
Nonlocal initial condition  Hausdorff measure of
noncompactness  Mild solution  Darbo’s fixed point
theorem
Introduction
In this paper, we are concerned with the nonlocal initial
value problem
DaxðtÞ ¼ AxðtÞ þ f ðt; xðtÞ; xtÞ; t 2 ½0; T ;
xð0Þ ¼ /þ gðxÞ; ð1:1Þ
where A is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators T(t) in a
separable Banach space X,
f : ½0; T   X  C ! X; g : Lpð½0; T;XÞ ! X;
are given X-valued functions. The fractional derivative is
understood in the Riemann–Liouville sense. The aim of
this paper is to study the existence of mild solutions for the
fractional functional differential Eq. (1.1) in a separable
Banach space. The technique used here is the measure of
noncompactness associated with Darbo’s fixed point
theorem.
The fractional derivative is understood in the Riemann–
Liouville sense. The origin of fractional calculus goes back
to Newton and Leibnitz in the seventieth century. One
observes that fractional order can be very complex in
viewpoint of mathematics and they have recently proved to
be valuable in various fields of science and engineering. In
fact, one can find numerous applications in electrochem-
istry, electromagnetism, viscoelasticity, biology and hy-
drogeology. For example space-fractional diffusion
equations have been used in groundwater hydrology to
model the transport of passive tracers carried by fluid flow
in a porous medium [1, 2] or to model activator–inhibitor
dynamics with anomalous diffusion [3]. For details, see [4–
7] and the references therein.
Differential equations of fractional order have appeared
in many branches of physics and technical sciences [8, 9].
It has seen considerable development in the last decade, see
[3–29] and the references therein. Recently, the existence
and uniqueness problem for various fractional differential
equations were considered by Ahmad [10], Bhaskarc[11],
Lakshmikantham and Leela[12] et al. The nonlocal Cauchy
problem was considered by Anguraj, Karthikeyan and
N’Gue´re´kata [13], and the importance of nonlocal initial
& Junfei Cao
jfcaomath@163.com
1 Department of Mathematics, Guangdong University of
Education, Guangzhou 510310, People’s Republic of China
123
Math Sci (2015) 9:59–69
DOI 10.1007/s40096-015-0150-0
conditions in different fields has been discussed in [6, 7]
and the references therein.
The nonlocal problem (1.1) was motivated by physical
problems. Indeed, the nonlocal initial condition xð0Þ ¼
/þ gðxÞ can be applied in physics with better effect than
the classical initial condition xð0Þ ¼ /. For this reason, the
problem (1.1) has gotten considerable attention in recent
years, see [30–32] and the references therein. See also [33–
35] and the references therein for recent generalizations of
problem (1.1) to various kinds of differential equations.
To the best of our knowledge, the existence of mild
solutions for the fractional functional differential Eq. (1.1)
with nonlocal initial conditions using the theory of measure
of noncompactness is a subject that has not been treated in
the literature. Our purpose in this paper is to establish some
results concerning the existence of mild solutions for
equations that can be modeled in the form (1.1) by virtue of
the theory of measure of noncompactness associated with
Darbo’s fixed point theorem. Upon making some appro-
priate assumptions, some sufficient conditions for the ex-
istence of mild solutions for the fractional functional
differential Eq. (1.1) are given. It is worthwhile mentioning
that the cases of T(t) or f compact and of f Lipschitz are
special cases of our conditions. Also we hope that the
concept of measure of noncompactness considered here
may be a stimulant for further investigations concerning
solutions of fractional differential equations of other types.
The rest of this paper is organized as follows. In ‘‘No-
tations, definitions and auxiliary facts’’ section, we give
some notations, definitions and auxiliary facts. ‘‘Main re-
sults’’ section contains the main results of this paper with
two existence theorems. An example is given to illustrate
our results in ‘‘Applications’’ section.
Notations, definitions and auxiliary facts
Let ðX; k  kÞ be a real separable Banach space. Denote by
Cð½0; T ;XÞ the space of X-valued continuous functions on
[0,T] and by Lpð½0; T;XÞ the space of X-valued measurable











Let r be a given positive real number, if x : ½r; T ! X,
define xt 2 Cð½r; 0;XÞ by




kxðtÞk : t 2 ½r; 0
o
; for xt 2 Cð½r; 0;XÞ:
We need some basic definitions and properties of the
fractional calculus theory which are used further in this
paper.
Definition 2.1 [36] The fractional integral of order a[ 0
with the lower limit t0 for a function f is defined as




ðt  sÞa1f ðsÞds; t[ t0; a[ 0;
provided the right-hand side is pointwise defined on
½t0;1Þ, where f is an abstract continuous function and
CðaÞ is the Gamma function [36].
Definition 2.2 [36] Riemann–Liouville derivative of
order a[ 0 with the lower limit t0 for a function f :
½t0;1Þ ! R can be written as







ðt  sÞaf ðsÞds;
t[ t0; n 1\a\n:
The first and maybe the most important property of Rie-
mann–Liouville fractional derivative is that for t[ t0 and
a[ 0, we have
Dat ðIaf ðtÞÞ ¼ f ðtÞ;
which means that Riemann–Liouville fractional differen-
tiation operator is a left inverse to the Riemann–Liouville
fractional integration operator of the same order a.
Let Y be a Banach space, for bounded set B  Y , the
Hausdorff’s measure of noncompactness vY is defined by
vYðBÞ ¼ inf
n
r[ 0;B can be covered by finite number
of balls with radii r
o
:
In this paper, we denote v by the Hausdorff’s measure of
noncompactness of X and denote vp by the Hausdorff’s
measure of noncompactness of Lpð½0; T ;XÞ. To discuss the
problem in this paper, we need the following lemmas.
Lemma 2.1 [37] Let B;C  Y be bounded, the following
properties are satisfied
(1) B is precompact if and only if vYðBÞ ¼ 0;
(2) vYðBÞ ¼ vYðBÞ ¼ vYðconvBÞ, where B and convB
mean the closure and convex hull of B, respectively;
(3) vYðBÞ vYðCÞ when B  C;
(4) vYðBþ CÞ vYðBÞ þ vYðCÞ, where Bþ C ¼ fx
þy : x 2 B; y 2 Cg;
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(5) vYðB [ CÞ maxfvYðBÞ; vYðCÞg;
(6) vYðkBÞ ¼ jkjvYðBÞ for any k 2 R;
(7) If the map Q : DðQÞ  Y ! Z is Lipschitz con-
tinuous with constant k, then
vZðQBÞ kvYðBÞ;
for any bounded subset B  DðQÞ, where Z is a
Banach space;
(8) vYðBÞ ¼ inffdYðB;CÞ : C  Y be precompactg
¼ inffdYðB;CÞ : C  Y be finite valuedg, where
dYðB;CÞ means Hausdorff distance between B and
C in Y;
(9) If fWng1n¼1 is a decreasing sequence of bounded
closed nonempty subsets of Y and
lim
n!1Wn ¼ 0;
then \1n¼1Wn is nonempty and compact in Y. The
map Q : W  Y ! Y is said to be a vY -contraction if
there exists a positive constant k\1 such that
vYðQðCÞÞ kvYðCÞ;
for any bounded closed subset C  W .
In 1955, Darbo [38] proved the fixed point property for
a-set contraction (i.e., aðSðAÞÞ kaðAÞ with k 2 ½0; 1) on a
closed, bounded and convex subset of Banach spaces.
Since then many interesting works have appeared. For
example, in 1972, Sadovskii [39] proved the fixed point
property for condensing functions (i.e., aðSðAÞÞ\aðAÞ
with aðAÞ 6¼ 0) on closed, bounded and convex subset of
Banach spaces. It should be noted that any a-set contrac-
tion is a condensing function, but the converse is not true
(see [40]). In 2007, Hajji and Hanebaly [41] proved the







where a is the measure of noncompactness on a closed,
bounded and convex subset X of a locally convex space X,
Ti and S are continuous functions from X to X with Ti, and
in addition, are affine or linear. Furthermore, for every
i 2 I, Ti are equal to the identity function, moreover the
obtain in particular Darbo’s (see [38]) as well as Sadovs-
kii’s (see [39]) fixed point theorems, which are used to
study the existence of solutions of one equation. Recently,
Hajji [42] present common fixed point theorems for com-
muting operators which generalize Darbo’s and Sadovs-
kii’s fixed point theorems, furthermore, as examples and
applications, they study the existence of common solutions
of equations in Banach spaces using measure of noncom-
pactness. Our purpose in this paper is to establish some
results concerning the existence of mild solutions for
equations that can be modeled in the form (1.1) by virtue of
the theory of measure of noncompactness associated with
Darbo’s fixed point theorem.
Lemma 2.2 ([37], Darbo–Sadovskii) If W  Y is
bounded closed and convex, the continuous map Q : W !
W is a vY -contraction, then Q has at least one fixed point in
W.
We call B  Lð½0; T;XÞ uniformly integrable if there
exists g 2 Lð½0; T ;RþÞ such that
kuðsÞk gðsÞ; for all u 2 B and a.e. s 2 ½0; T:
Lemma 2.3 [43] If fung1n¼1 2 Lð½0; T ;XÞ is uniformly




















Lemma 2.4 [44] Let B  Cð½0; T ;XÞ be bounded and









BðtÞ ¼ fuðtÞ : u 2 Bg  X:
A C0 semigroup TðtÞ is said to be equicontinuous if
t ! fTðtÞx : x 2 Bg
is equicontinuous for all bounded set B in X and t[ 0. It is
known that the analytic semigroup is equicontinuous.
The following lemma is obvious.
Lemma 2.5 If the semigroup T(t) is equicontinuous,





ðt  sÞa1Tðt  sÞuðsÞds : kuðsÞk gðsÞ
 
;


















ðt þ h sÞa1  ðt  sÞa1
h i





ðt þ h sÞa1Tðt þ h sÞuðsÞ

ds






ðt  sÞa1 Tðt þ h sÞ  Tðt  sÞ½ uðsÞ

ds






ðt þ h sÞa1  ðt  sÞa1
h i












ðt  sÞa1 Tðt þ h sÞ  Tðt  sÞ½ uðsÞ

ds:






























M ¼ supfkTðtÞk : t 2 ½0; T g:
It follows from the assumption of gðsÞ that I0 ! 0 as
h ! 0. Using H€older inequality, one obtains II0 ! 0 as
h ! 0 and e! 0.










ðt þ h sÞa1gðsÞds ! 0 as h ! 0:
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Using the assumption that T(t) is equicontinuous in X,
integrating with s ! gðsÞ 2 Lð½0;T ;RþÞ, one sees that
I00 ! 0 as h ! 0. From the assumption of gðsÞ and H€older
inequality, it is easy to see that II00 ! 0 as h ! 0 and










In this section, we use the measure of noncompactness of
Lpð½0; T ;XÞ to consider the following functional differen-
tial equations of fractional order 0\ a[1 when g is
continuous in the norm of Lpð½0; T ;XÞ
DaxðtÞ ¼ AxðtÞ þ f ðt; xðtÞ; xtÞ; t 2 ½0; T ; xð0Þ ¼ /þ gðxÞ:
ð3:1Þ
Eq. (3.1) will be considered under the following
assumptions:
(H1) The C0-semigroup fTðtÞgt	 0 generated by A is
equicontinuous;
(H2)
(1) f : ½0; T   X  Cð½r; 0;XÞ ! X satisfies the Car-
athe´odory-type condition, i.e., f ð; x;uÞ : ½0; T ! X
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is measurable for all ðt; x;uÞ 2 ½0; T  X 
Cð½r; 0;XÞ and f ðt; Þ : X  Cð½r; 0;XÞ ! X is
continuous for a.e. t 2 ½0; T;
(2) there exists d2; e2 2 Lpð½0; T;RþÞ such that for all
ðt; x;uÞ 2 ½0; T   X  Cð½r; 0;XÞ
kf ðt; x;uÞk d2ðtÞðkxk þ kukCÞ þ e2ðtÞ;
(3) there exists c2 2 Lqð½0; T ;RþÞ such that for a.e.
t; s 2 ½0; T and any bounded subset D1  X,


















(1) The function g : Lpð½0; T;XÞ ! X is continuous;
(2) there exist positive constants d1; e1 such that
kgðxÞk d1kxkp þ e1; for any x 2 Lpð½0; T ;XÞ;
(3) there exists a positive constant c1 such that for any


















Definition 3.1 A continuous function x : ½r; T ! X
satisfying the integral equation
xðtÞ ¼TðtÞðxð0Þ  gðxÞÞ þ 1
CðaÞZ t
0
ðt  gÞa1Tðt  gÞf ðg; xðgÞ; xgÞdg;
is called a mild solution for Eq.(3.1).
Now, we are prepared to state and prove our main
theorems of this section.
Theorem 3.1 Let (H1)–(H4))be satisfied. Then Eq.(3.1)














Proof For each k 2 N, denote by
Bk ¼ BkðLpð½r; T;XÞÞ ¼
n
x 2 Lpð½r; T ;XÞ : kxðsÞk
 k; s 2 ½r; T 
o
:
Obviously Bk  Lpð½r; T ;XÞ is uniformly integrable,
closed and convex. For each x 2 Bk, the restriction of x on
½0; T denoted by xj½0;T  is an element of BkðLpð½0; T;XÞÞ.
For simplicity, we also write gðxj½0;T Þ as gðxÞ.
Define F : Lpð½r; T ;XÞ ! Lpð½r; T ;XÞ by F ¼ F1þ
F2, where
ðF1xÞðtÞ ¼
/ðtÞ; t 2 ½r; 0;









ðtgÞa1TðtgÞf ðg;xðgÞ;xgÞdg; t2½0;T :
8<
:
First, we show that F is well defined.
If t 2 ½r; 0, then
kFxðtÞk k/kC;







kðt gÞa1Tðt gÞf ðg;xðgÞ;xgÞkdg













































































Thus, we conclude that Fx exists.
Second, we show that there is a k 2 N such that
FðBkÞ  Bk.
Suppose contrary that for each k 2 N there is xk 2 Bk
and tk 2 ½r; T such that
kFxðtkÞk[ k:
If tk 2 ½r; 0, then
kkFxðtkÞk k/ðtkÞ þ gðxðtkÞÞk k/kC þ d1T
1
pk þ e1;







ðtk gÞa1Qðtk gÞf ðg;xðgÞ;xgÞ
 dg































which contradicts the hypotheses (H4). Therefore, there is a
k 2 N such that FðBkÞ  Bk.
From now on, we will restrict F on such Bk.
Third, we will verify that F is a vC-contraction.
To this end, from the hypothesises (H2) (1) and (3), one
can prove that F is continuous by the continuity of g and of
the operator f. The hypothesis (H1) and Lemma 2.5 imply
that FBk  Cð½0; T;XÞ is bounded and equicontinuous on
[0, T], so is convðFBkÞ. As X is separable, from Lemma 2.1














 vðTðtÞðx0  gðBÞÞÞ þ 1CðaÞZ t
0


















for a.e. t 2 ½0; T , where
BðtÞ ¼ fxðtÞ : x2 Bg  X; Bt ¼ fxt : x2 Bg Cð½r;0;XÞ:














Note that, by Lemma 2.4, the inequality (3.3) may not
remain valid in the case of B  Bk as Bk is not equicon-
tinuous on [0,T]. So one must look for another closed
convex and bounded subset of Lpð½0; T;XÞ such that F is a
vp-contraction on it.
Let
U ¼ Lp  convðFBkÞ;
where Lp  conv means closure of convex hull in
Lpð½0; T ;XÞ. Then
FU  U as FBk  Bk;
and Bk is closed and convex in L
pð½0; T ;XÞ. For any closed
subset V  U, let
B ¼ V \ convðFBkÞ:
Then
V ¼ Lp  clðBÞ;
where Lp  cl means closure in Lpð½0; T ;XÞ. Furthermore
FV  Lp  clðFBÞ;
as F is continuous on Lpð½0; T ;XÞ. By (3.3) this implies
that
vpðFVÞ vpðLp  clðFBÞÞ ¼ vpðFBÞ
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so F : U ! U is a continuous vp-contraction. By Darbo–
Sadovskii’s fixed point theorem, there is a fixed point x of
F on Bk, which is a mild solution of the Eq. (3.1). This
completes the proof due to Lemma 2.2.
Remark 3.1 Clearly the conclusion of Theorem 3.1 re-
mains valid if the hypotheses (H2) (3) and (H4) (3) are
replaced by the following (H2) (3’) and (H4) (3’), respec-









for a.e. [0,T] and any bounded subset D1  X,
D2  Cð½r; 0;XÞ;
(H4) (3’) There exists a positive constant c1 such that for
any B  Cð½0; T ;XÞ which is bounded and equicontinuous
on [0,T],
vðgðBÞÞ c1vpðBÞ=M; for any a. e. t 2 ½0; T:
Remark 3.2 The hypothesis (H2) (3’) (H4) (3’) holds if
T(t) is compact or f (g) is the sum of compact and Lipschitz
functions with constant c2ðsÞ ¼ M (c1 ¼ M).
If X is a Hilbert space, and / is a proper, convex and
lower semicontinuous function from X into ð1;þ1Þ,
then its subdifferential oU is m-accretive. Let A ¼ oU then
A generates an equicontinuous nonlinear contraction semi-
group (cf. [45, 46]). From above we can get the following
existence result.
Corollary 3.1 If X is a separable Hilbert space, the hy-
potheses (H2)–(H4) are true, and A ¼ oU with / is proper,
convex and lower semicontinuous from X into ð1;þ1Þ.















Let us now formulate an existence result when g is uni-
formly bounded.
Theorem 3.2 Assume that (H1), (H3) and (H4) are true
with d1 ¼ 0, and f satisfies (H2) (2), (3). In addition, sup-
pose that there exists h 2 Lpð½0; T;RþÞ, an increasing
function X : Rþ ! Rþ such that
kf ðt; x;uÞk hðtÞXðkxk þ kukCÞ; ð3:4Þ
for ðt; x;uÞ 2 ½0; T   X  Cð½r; 0;XÞ. Then Eq.(3.1) has























x 2 Lpð½0;T ;XÞ : kxðtÞk k for a.e. t 2 ½0; T 
o
:





kðt gÞa1Tðt gÞf ðg;xðgÞ;xgÞkdg































for any t 2 ½0; T . This means that FW0  W0.
Let
Wnþ1 ¼ FWn for n ¼ 0; 1; 2; . . .:
Then
FWn  Cð½0; T ;XÞ;
is bounded and equicontinuous on [0, T]. Furthermore,








vðTðtÞðx0 gðWnÞÞÞþ 1CðaÞZ t
0
vððtgÞa1TðtgÞf ðg;WnðgÞ;ðWnÞgÞÞdg


































for n ¼ 0; 1; 2; . . .:
Define
bWn ¼ Lp  convðWnÞ; for n ¼ 0; 1; 2; . . .:
Then bWnþ1  bWn because Wnþ1  Wn, and furthermore
one has
vpð bWnþ1Þ ¼ vpðWnþ1Þ






















for n ¼ 0; 1; 2; . . .. Lemma 2.1 shows that
bW ¼ \1n¼1 bWn;
is nonempty, convex and compact in Lpð½0;T ;XÞ and
F bW  bW . Let
U ¼ convðF bW Þ:
Then U  Cð½0; T;XÞ and FU  U, since
U ¼ convðF bW Þ  convð bW Þ  Lp  convð bW Þ ¼ bW :
Now we prove that U  Cð½0; T ;XÞ is compact. First, by
the hypothesis (H1) and Lemma 2.5, F bW is equicontinuous
on [0, T], as
g : Lpð½0; T;XÞ ! X;
is continuous and bW  Lpð½0; T ;XÞ is compact.
Furthermore,





Tðt  gÞf ðg; bW ðgÞ; bWgÞdg

 vðTðtÞðx0  gð bW ÞÞÞ þ 1CðaÞZ t
0
vððt  gÞa1Tðt  gÞf ðg; bW ðgÞ; bWgÞÞdg
 c1vpð bW Þ þ 2CðaÞ
Z t
0











vpð bW Þ ¼ 0;
for any t 2 ½0; T . Hence
F bW  Cð½0; T;XÞ;
is precompact, and hence so is
U  Cð½0; T ;XÞ:
The proof is complete by Schauder’s fixed point theorem.
Remark 3.3 Without hypothesis (H2) the map F, defined
above, may not be continuous from Lpð½0; T;XÞ to itself,
since the operator f may fail to be continuous under the
growth condition (3.4) above. So we use the fixed point
theorem on Cð½0; T;XÞ rather than on Lpð½0; T ;XÞ, as F is
obviously continuous from Cð½0; T ;XÞ to itself.
Applications
In this section, we give an example to illustrate the above
results.
Consider the following nonlinear fractional parabolic
systems of the form
oa
ota
uðt; xÞ ¼ l1Muðt; xÞ þ F1ðt; uðt; xÞ; utðxÞ; vðt; xÞ; vtðxÞÞ;
t 2 ð0; TÞ; x 2 X;
oa
ota
vðt; xÞ ¼ l2Mvðt; xÞ þ F2ðt; uðt; xÞ; utðxÞ; vðt; xÞ; vtðxÞÞ;
t 2 ð0; TÞ; x 2 X;
uð0; xÞ ¼ u1 þ g1ðuðt; xÞ; vðt; xÞÞ; x 2 X;
vð0; xÞ ¼ u2 þ g2ðuðt; xÞ; vðt; xÞÞ; x 2 X;
ð4:1Þ
where X is a bounded domain of Rp, p	 1, with smooth
boundary C, l1, l2 are positive constants,
F1;F2 : R R Cð½q; 0;RÞ ! R;
are given mappings. Here













X ¼ L2ðXÞ  L2ðXÞ
be endowed with the inner product \; [ defined by
\ðu; vÞ; ðu; vÞ[ ¼\u; u[ L2ðXÞ þ\v; v[ L2ðXÞ;
for each ðu; vÞ; ðu; vÞ 2 X. Obviously X is a separable real
Hilbert space. Define A : DðAÞ  X ! X given by
Aðu; vÞ ¼ ðl1Mu; l2MvÞ; for each ðu; vÞ 2 DðAÞ
with the domain
























ðu; vÞ 2 X; ðut; vtÞ 2 Cð½q; 0;XÞ  Cð½q; 0;XÞ;
where Fi and gi are superposition mappings associated
with Fi and gi defined by
Fiðt; ðu; vÞÞ ¼ fh 2 L2ðXÞ; hðxÞ ¼ Fiðt; ðuðxÞ; vðxÞÞ;
ðutðxÞ; vtðxÞÞÞ; a.e. for x 2 Xg;
giðt; ðu; vÞÞ ¼ fh 2 L2ðXÞ; hðxÞ ¼ giððuðxÞ; vðxÞÞ;
ðutðxÞ; vtðxÞÞÞ; a.e. for x 2 Xg:
Observe that Eq.(4.1) may be rewritten as
daU
dta
¼ Auþ Fðt;UðtÞ;UtÞ; t 2 ð0; TÞ; a. e.
Uð0Þ ¼ uþ gðUÞ;
ð4:2Þ
where
UðtÞ ¼ ðuðtÞ; vðtÞÞ; u ¼ ðu1;u2Þ;
while A; F and g are as above.
Suppose that:
(1) There exists k2ðtÞ 2 Lð0; TÞ such that F1 : ½0; T  
R! R is a Carathe´dory-type function and, for
u; u0; v; v0 2 R,
jF1ðt;u;vÞF1ðt;u0;v0Þjk2ðtÞðju u0j2 þ jv v0j2Þ:
(2) There exists a constant k1 such that g1 : R! R is a
Carathe´dory-type function and, for u; u0; v; v0 2 R,
jg1ðu; vÞ  g1ðu0; v0Þj  k1ðju u0j2 þ jv v0j2Þ:
(3) For i ¼ 1; 2, hi : ½0;T   X X R R! R sat-
isfies Carathe´dory conditions. In addition:
(i)
jhiðt;x; z; r; sÞ hiðt;x0; z; r; sÞjxki ðt;x;x0; zÞ;
for ðt; x; zÞ; ðt; x0; zÞ 2 ½0;T   X X and








xki ðt; x; x0; zÞdtdz ¼ 0;
uniformly for x 2 X, i ¼ 1; 2, and for





xki ðt; x; x0; zÞdz ¼ 0;
uniformly for x 2 X;
(ii)
jhiðt;x; z; r; sjqiðtÞðjrj2 þ jsj2Þ
1
2 þxiðt;x; zÞ;







\þ1; i ¼ 1; 2:
Adapting the arguments given in [47] it is
not difficult to show that g satisfies the hy-
pothesis (H3) with
c1 ¼ k1; d21 ¼ k21 þ 2mðXÞkq1k21;
e21 ¼ 2mðXÞd1;
and f satisfies the hypothesis (H2) with
c2ðtÞ ¼ k2ðtÞ; d2ðtÞ ¼ k22ðtÞ þ 2mðXÞq22ðtÞ;
ke2k21 ¼ 2mðXÞd2;
where mðXÞ means the Lebesgue measure of
X in Rp. Using Corollary 3.1, we conclude
that Eq.(4.1) has at least one generalized
solution
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